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We study the synthetic geometry of the pants graph of the 5-holed sphere, establishing the
existence of geodesics connecting any vertex or ideal point to any ideal point. We prove
the existence of geodesic axes for suﬃciently high powers of any pseudo-Anosov mapping
class, and that large link hierarchies from Harvey’s curve graph all induce geodesic paths.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Let Σ be a compact, connected and orientable surface, of genus g(Σ) and #∂Σ boundary components. After Hatcher
and Thurston [21], to the surface Σ one may associate a simplicial graph P(Σ), the pants graph, whose vertex set X(Σ)
comprises all pants decompositions of Σ and any two vertices are connected by an edge if and only if they differ by an
elementary move; see Section 2.2 for an expanded deﬁnition. This graph is connected [21], and one may deﬁne a path-
metric d on P(Σ), or more precisely X(Σ), by assigning length 1 to each edge and regarding the result as a length space.
Brock [12,13] recently related distances in the pants graph with volumes of hyperbolic 3-manifolds and proved the pants
graph is quasi-isometric to Weil–Petersson’s metric on Teichmüller space.
The pants graph of the 5-holed sphere is hyperbolic in the sense of Gromov [14,1,6] and thus admits a canonical bound-
ary at inﬁnity, characterised topologically in [15]. Classical theory dictates that any pair of ideal points, or a vertex and an
ideal point, is necessarily connected by a quasi-geodesic. However pants graphs are nowhere locally ﬁnite and so one cannot
conclude there are any inﬁnite geodesics, for there are elementary examples of connected graphs quasi-isometric to R, such
as that due to Bowditch given in Appendix A, in which there are no inﬁnite geodesics whatsoever.
The central purpose of this work is to set about overcoming such obstacles.
Theorem 1.1. Let Σ be the 5-holed sphere. Any geodesic ray in P(Σ) is eventually contained in any Farey graph fromwhich it remains
a bounded distance.
The intersection of any geodesic path with any Farey graph is always path-connected, and any geodesic ray can stay
close to only at most one Farey graph. It will become apparent from our method of proof that any K -quasi-geodesic ray,
for K < 32 , remaining a bounded distance from a Farey graph must intersect this Farey graph inﬁnitely many times and at
regular intervals. The hierarchies from [26] induce a class of uniform quasi-geodesics that are also eventually contained in
any Farey graph they parallel [15].
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vertex set X0. Let us also introduce the notation G(x, y) for the set of all pants decompositions belonging to geodesic paths
connecting two points x, y ∈ P(Σ). We note that G(x, y) = G(y, x) for all x, y ∈ P(Σ) and that x ∈ G(x, y) for all pants
decompositions x, y ∈ X(Σ). As yet we cannot be certain G(x, y) is non-empty whenever x is an ideal point.
When Σ is the 5-holed sphere, the set G(x, y) is locally ﬁnite.
Theorem 1.2. Let Σ be the 5-holed sphere. Then, for any two points x, y ∈ P(Σ) and any ball B ⊂ X(Σ) in P(Σ), the set B ∩G(x, y)
is ﬁnite.
Corollary 1.3. ([23,30]) The pants graph of the 5-holed sphere is ﬁnitely geodesic: Between any two of its vertices there are only ﬁnitely
many geodesic paths.
A fairly immediate corollary of Theorem 1.2 is the full combinatorial analogue of the convexity properties enjoyed by the
frontier in the corresponding completed Weil–Petersson metric as identiﬁed by Masur, Wolf and Farb [27] and Wolpert [32].
Theorem 1.4. Let Σ be the 5-holed sphere. Then, the bordiﬁcation of any Farey graph in P(Σ) is totally geodesic: For any Farey
graph F , any geodesic path connecting two points of F is entirely contained in F .
Note there exist Gromov hyperbolic graphs containing a totally geodesic Farey graph whose boundary has convex hull
properly containing the Farey graph. An example can be explicitly constructed by identifying the subgraph of the Cayley
graph of (Z × Z2, {(1,0), (0,1)}), given the canonical path-metric, spanned by the coset Z × {0} with a bi-inﬁnite geodesic
path of a Farey graph.
In the pants graph of a surface of complexity 3 not all Farey graphs are of totally geodesic bordiﬁcation, in the sense there
exist geodesic rays remaining a bounded distance from a Farey graph but not intersecting this Farey graph. For instance, in
such pants graphs there exist Farey graphs intersecting a convex plane in a bi-inﬁnite geodesic [4]. Indeed only those Farey
graphs whose vertices all contain a pair of non-separating or outer curves can have totally geodesic bordiﬁcation. In the
pants graph of a surface of complexity at least 4 there are no Farey graphs with totally geodesic bordiﬁcation whatsoever,
for each Farey graph intersects in a geodesic a plane ruled by geodesics parallel to this intersection. These planes may or
may not be convex.
We extend our notation G to consider pairs of subsets of the pants graph, deﬁning G(A, B) to be the set of all pants
decompositions lying on geodesic paths beginning in A and ending in B for all subsets A, B ⊆ P(Σ). Equivalently, we may
deﬁne G(A, B) to be equal to the union of all G(x, y) such that x ∈ A and y ∈ B . Note that G(A, B) = G(B, A), and that
A ⊆ G(A, B) for all A, B ⊆ X(Σ). We still cannot be certain that G(A, B) is non-empty whenever the intersection A ∩ ∂ X is
non-empty.
The subset G(A, B) is mostly locally ﬁnite in the following sense.
Theorem 1.5. Let Σ be the 5-holed sphere. There exists a constant k ∈ N such that the following holds: Let B0 , B1 and B2 ⊂ X(Σ) be
balls of radius at most r in the pants graph P(Σ) such that d(B0, Bi) 12(2r + k) + 7 for i ∈ {1,2}. Then, B0 ∩ G(B1, B2) is ﬁnite.
Theorem 1.6. Let Σ be the 5-holed sphere. There exists a constant k ∈ N such that the following holds: Let x ∈ X(Σ) be a vertex and
B ⊂ X(Σ) a ball of radius at most r in the pants graph P(Σ) such that d(x, B) 25r + 12k + 7. Then, B(x, r) ∩ G({x}, B) is ﬁnite.
We do not offer any bounds on the cardinality of these intersections. The constant k depends only on the choice of
hyperbolicity constant and is such that any two geodesic paths connecting two balls of radius r are contained in the other’s
closed (2r + k)-neighbourhood.
Implicit in the proof of Theorem 1.5 and relevant to the study of the action of pseudo-Anosov mapping classes carried
out in Section 7 is the following statement.
Theorem 1.7. Let Σ be the 5-holed sphere. If B0 , B1 and B2 ⊂ X(Σ) are balls in the pants graph P(Σ) such that no Farey graph
intersecting B0 intersects B1 or B2 then B0 ∩ G(B1, B2) is ﬁnite.
Theorems 1.5 and 1.6 form the basis of a standard diagonal subsequence argument proving the following statement.
Theorem 1.8. Let Σ be the 5-holed sphere. Then, any pair of distinct points from P(Σ) is connected by a geodesic path.
It follows the Gromov boundary is visual, so that the boundaries deﬁned in terms of quasi-geodesic rays and in terms of
geodesic rays are equal. Theorem 1.8 and Theorem 1.1 together imply the ideal boundaries of two distinct Farey subgraphs
are disjoint and, being closed subsets, therefore have positive nearest-point distance in any of the Gromov boundary metrics.
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∂F1 and ∂F2 are disjoint.
An argument of Delzant’s [17], adapted from the setting of locally ﬁnite hyperbolic graphs, is applicable and ﬁnds
geodesic axes. This is a combinatorial analogue of Theorem 1.1 from [16], regarding the existence of unique geodesics
axes in the Weil–Petersson metric invariant under the action of pseudo-Anosov mapping classes, as stated for the 5-holed
sphere.
Theorem 1.10. Let Σ be the 5-holed sphere. Then, for any pseudo-Anosov mapping class φ ∈ Map(Σ) there exists a positive integer N
such that φN leaves invariant a geodesic axis in P(Σ).
We do not rule out the possibility that the integer N offered above might depend on the conjugacy class of φ. If we
combine Theorem 1.10 with Corollary 3 of [3] we ﬁnd that all the non-elliptic mapping classes must leave invariant a
geodesic axis, when ﬁrst raised to suﬃciently high powers.
Corollary 1.11. Let Σ be the 5-holed sphere. Then, for any mapping class φ ∈ Map(Σ) such that no positive power of φ ﬁxes a pants
decomposition there exists a positive integer N such that φN leaves invariant a geodesic axis in P(Σ).
The action of the mapping class group on the pants graph of the 5-holed sphere is not “weakly properly discontinuous
(WPD)” in the sense of Bestvina and Fujiwara [5], and thus not “acylindrical” in the sense of Bowditch [7] or of [31]
either, since Dehn twists ﬁx pointwise unbounded subsets of the pants graph and commute with many partial pseudo-
Anosov mapping classes, which act as hyperbolic isometries. Though unlike the action on the curve graph, the action can
nevertheless be described geometrically by restricting the deﬁnition of WPD to consider only hyperbolic isometries with
virtually cyclic centralisers.
A further application of our work is to provide the ﬁrst non-trivial family of geodesic paths in the pants graph induced
by Masur–Minsky’s hierarchies [26] from Harvey’s curve graph C , and in the pants graph of the 5-holed sphere geodesics
are often described thus. To this end the class of subgraphs known to have totally geodesic bordiﬁcation is expanded with
the following statement.
Theorem 1.12. Let Σ be the 5-holed sphere, and let F and F ′ be a pair of Farey subgraphs of the pants graph P(Σ) that intersect.
Then, the union F ∪ F ′ has totally geodesic bordiﬁcation.
We point out that the union of three successively intersecting Farey graphs is not always convex or isometrically em-
bedded, for there exist 5-circuits in the pants graph of the 5-holed sphere not contained in a single Farey graph. That said,
Theorem 1.12 and a version of Theorem 1.1 for suﬃciently long geodesic paths (Theorem 3.3 in Section 3) do combine to
yield the following statement.
Theorem 1.13. Let Σ be the 5-holed sphere. There exists a constant h depending only on the choice of hyperbolicity constant such that
the following holds: Suppose F1, . . . ,Fn is a ﬁnite sequence of Farey subgraphs such that Fi and Fi+1 intersect in a single point xi for
which d(xi, xi+1) 20hn + 15 for each respective i. Then, the union F1 ∪ · · · ∪ Fn has totally geodesic bordiﬁcation.
There exist arbitrarily long hierarchies in the curve graph of the 5-holed sphere with arbitrarily large link distances at
each vertex. Indeed these can be explicitly constructed by considering arbitrarily high powers of partial pseudo-Anosov
mapping classes and appealing to both parts of Lemma 6.2 from [26] inductively. Theorem 1.13 implies hierarchies typically
induce geodesic paths in the pants graph of the 5-holed sphere.
Corollary 1.14. Let Σ be the 5-holed sphere. There exists an explicit but uncomputed linear function F :N → N such that, for any
ﬁnite hierarchy with underlying length n and whose link distances are each at least F (n), the edge set of the hierarchy corresponds to
a geodesic path in P(Σ).
2. Background and deﬁnitions
We supply all the background and terminology needed both to understand the statements of our main results, and
to make sense of their proofs. Lemma 3.1 of Section 3, regarding the contraction of paths under subsurface projection,
underpins much of our work. The expert is welcome to read from Section 2.7 before jumping to Section 3.
2.1. Curves and pants decompositions
A loop is a closed unoriented 1-submanifold, the homeomorphic image of a standard circle. A loop on Σ is said to be
trivial if it bounds a disc and peripheral if it bounds an annulus whose other boundary component belongs to ∂Σ . A curve
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is by deﬁnition the free homotopy class of a non-trivial and non-peripheral loop. It will at times be convenient to speak of
a set containing a single curve as also being a curve.
Given any two curves α and β , their intersection number ι(α,β) is deﬁned equal to min{|a ∩ b|: a ∈ α, b ∈ β}. We say
two curves are disjoint if they have zero intersection number, and otherwise say they intersect essentially. The intersection
number of two sets of curves is deﬁned additively.
The curve graph C(Σ) after Harvey [19] is connected and is the graph deﬁned by taking as vertices all curves on Σ and
declaring a pair of distinct curves spans an edge if and only if the two curves are disjoint or, in the case of the 1-holed
torus and the 4-holed sphere, if they intersect once or twice respectively. We denote the set of vertices by C0 and the set of
edges by C1. We may endow the curve graph with its own canonical path-metric by assigning length 1 to each of its edges.
A pants decomposition is by deﬁnition a collection of pairwise distinct and pairwise disjoint curves maximal subject to
inclusion. The complement of any pants decomposition on Σ is the disjoint union of non-compact 3-holed spheres, and
two pants decompositions have zero intersection number if and only if they are equal. A pants decomposition comprises
ξ(Σ) := max{3g(Σ) + #∂Σ − 3,0} curves, a quantity commonly referred to as the complexity of Σ , and as such the pants
decompositions of the 5-holed sphere all have exactly two curves and naturally correspond one-to-one with the edges of
its curve graph. The two surfaces of complexity 1 are the 4-holed sphere and the 1-holed torus.
2.2. Pants graph
The pants graph P(Σ) of a surface Σ is deﬁned by taking as vertex set the set X(Σ) of all the pants decompositions
of Σ , and declaring two pants decompositions μ and ν to be connected by an edge if and only if they are related by an
elementary move, so that the set μ∩ ν comprises ξ(Σ) − 1 disjoint curves and the remaining two curves together either ﬁll
a 4-holed sphere and intersect twice or ﬁll a 1-holed torus and intersect once; consider Fig. 1. In particular, in the pants
graph of the 5-holed sphere two pants decompositions are connected by an edge if and only if they contain a common
curve and the remaining two curves intersect twice.
It was known to Hatcher and Thurston [21,20] that the pants graph is connected. We may thus endow the pants graph
with the standard combinatorial path-metric d, assigning length 1 to each edge. The result is a hyperbolic metric space
[14,1,6], and our hyperbolicity constants will always be chosen to be integral.
For w ∈ X(Σ) a pants decomposition and r a non-negative integer, we deﬁne the closed metric ball B(w, r) = {x ∈ X(Σ):
d(w, x)  r} centred on w and of radius r. For two non-empty subsets A, B ⊆ X(Σ) we deﬁne their nearest-point dis-
tance d(A, B) = min{d(x, y): x ∈ A, y ∈ B}, and for a vertex x ∈ X(Σ) and a non-empty subset B ⊆ X(Σ) we deﬁne
d(x, B) = d(B, x) = d({x}, B). We say the subset A is, or remains, within distance D  0 of B if A is contained in the closed
D-neighbourhood ND(B) = {x ∈ X(Σ): d(x, B) D} of B .
2.3. Mapping class group
The mapping class group of Σ , denoted Map(Σ), is deﬁned as the quotient of the homeomorphism group of Σ by the
normal subgroup of all homeomorphisms homotopic to the identity. This group admits a natural action on the set of curves
and pants decompositions preserving intersection number.
The elements of a mapping class group are referred to as mapping classes, and we denote the cyclic subgroup generated
by a mapping class φ by 〈φ〉. A mapping class is said to be elliptic if a non-zero power ﬁxes a vertex of the pants graph.
A mapping class φ is said to be pseudo-Anosov if, for any two curves α and β , we have ι(α,φnβ) → ∞ as n → ∞. A mapping
class φ that is not pseudo-Anosov is said to be partially pseudo-Anosov if, for any two pants decompositions x and y, we
have ι(x, φn y) → ∞ as n → ∞. All pseudo-Anosov and partial pseudo-Anosov mapping classes have inﬁnite order.
The mapping class group surjects to the isometry group of the pants graph via its action, and this surjection is almost
always an isomorphism [24]. (See [2] also.) In particular this surjection is an isomorphism in the case of the 5-holed sphere,
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where all pseudo-Anosov mapping classes, partial or otherwise, act as hyperbolic isometries. In particular, each ﬁxes exactly
two distinct ideal points.
2.4. Intervals
An interval of integers is a non-empty subset of Z of the form {n ∈ Z: i  n j} for some i, j ∈ Z unionsq {±∞} with i  j. We
also refer to such a set as a subinterval of Z. The interval {n ∈ Z: n 0} is denoted −N.
2.5. Geodesics and quasi-geodesics
A path in the pants graph is a sequence (wi)i of vertices indexed by a subinterval of Z such that any two successive
vertices wi and wi+1 span an edge. A subpath π ′ of a path π is both a path and a subsequence of π such that for any two
integers i < j if {π i,π j} ⊆ π ′ ∩ π then {π i, . . . ,π j} ⊆ π ′ ∩ π . We may write π ′ ⊆ π if π ′ is a subpath of π , and we may
write π ′ ⊂ π if π ′ ⊆ π and the inclusion is proper.
For a ﬁnite path π = (w0, . . . ,wn) we deﬁne ∂π = (w0,wn) and refer to w0 as the initial vertex of π and to wn as the
terminal vertex of π . We may speak of a ﬁnite path as being directed if we wish to emphasise its direction from the initial
vertex toward the terminal vertex. We sometimes denote the ith vertex of a path π by π i , reserving the notation πi for the
ith object, such as a path, in a sequence of objects.
A path is geodesic if every ﬁnite subpath is of minimal length. A path π is said to be K-quasi-geodesic, for a constant
K  1, if |i − j|  Kd(π i,π j) for any two indices i and j. In other words, a path is K -quasi-geodesic if and only if it is
(K ,0)-quasi-geodesic in the standard sense of [18]. A path π is said to be quasi-geodesic if there exists a constant K  1
such that π is a K -quasi-geodesic. A path is a geodesic if and only if it is 1-quasi-geodesic. We may speak of an inﬁnite
quasi-geodesic as being directed if we wish to emphasise its direction from the initial vertex or ideal point toward the
terminal vertex or ideal point.
A ray is a semi-inﬁnite path. Given a subset A ⊆ X(Σ) we say that a ray π is eventually contained in A if there exists a
ray π ′ ⊆ π such that π ′ ⊆ A. The rays we discuss here will typically be geodesic or occasionally quasi-geodesic.
We say that a path (wi)i backtracks if there exist indices i < j such that d(wi,w j+1) < d(wi,w j). Geodesics are examples
of paths that do not backtrack.
2.6. Farey graphs
There are innumerable ways to build a Farey graph F , any two producing isomorphic graphs. We can start with the
rational projective line Q̂ := Q ∪ {∞}, identifying 0 with 01 and ∞ with 10 , and take this to be the vertex set of F . Then,
two projective rational numbers pq ,
r
s ∈ Q̂, where p and q are coprime and r and s are coprime, are deemed to span an
edge, or 1-simplex, if and only if |ps− rq| = 1. The result is a connected graph in which every edge separates. The graph F
can be represented on a disc; see Fig. 2. We say a graph is a Farey graph if it is isomorphic to F .
It is well known that the pants graph and the curve graph of the 4-holed sphere, and of the 1-holed torus, are isomorphic
and isomorphic to a Farey graph [21,29,11,8]. It follows the subgraph spanned by all pants decompositions containing any
given curve on the 5-holed sphere is isomorphic to the Farey graph; the converse, that every Farey subgraph is determined
thus, is proven in Section 3 of [24] (see also Lemma 6 of [3]). That is, Farey graphs in the pants graph of the 5-holed sphere
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naturally correspond one-to-one with curves and in particular two distinct Farey subgraphs are either disjoint or intersect
in a single vertex. The Farey subgraph corresponding to the curve α is denoted Fα .
2.7. Subsurface projections
Let Σ be the 5-holed sphere. For a curve α, let Yα denote an essential subsurface of Σ homeomorphic to a 4-holed
sphere and whose boundary contains a loop representing α. For a second curve β distinct and possibly disjoint from α, we
introduce the non-empty ﬁnite set πα(β) of all pants decompositions containing α and disjoint from at least one component
of β ∩ Yα . We refer to such a component as an α-footprint of β , and if such a component is not a curve we call it an arc.
We deﬁne πα(α) to be equal to the empty set. An example of a subsurface projection is depicted in Fig. 3.
Given a pants decomposition x = {β1, β2} we deﬁne πα(x) to be equal to the union πα(β1) ∪ πα(β2), a ﬁnite set of
diameter at most 1. Note that for any curve α and any pants decomposition x, the set πα(x) is non-empty and contained in
the Farey graph Fα . Moreover, if x contains α and y is a second pants decomposition adjacent to x but not containing α,
then πα(y) = {x}. We may regard each subsurface projection as a map from the disjoint union C0(Σ) unionsq C1(Σ) to the
power set of X(Σ). The maps πα are reminiscent of the subsurface projections deﬁned by Masur and Minsky [26], and are
examples of those discussed in [3].
We recall a restricted version of Theorem 2 from [3].
Proposition 2.1. ([3]) Let Σ be the 5-holed sphere and α a curve. Let (x0, . . . , xn) be a path in the pants graph P(Σ). For each
index i ∈ {0, . . . ,n − 1} and for each pants decomposition zi ∈ πα(xi), there exists a pants decomposition zi+1 ∈ πα(xi+1) such that
d(zi, zi+1) 1.
We note that subsurface projections to any Farey graph are fairly close to nearest-point projections in the following
sense.
Lemma 2.2. Let x be any pants decomposition and α a curve both on the 5-holed sphere. If z ∈ πα(x) and z′ ∈ Fα is any vertex nearest
to x, then d(z, z′) d(x, z′).
Proof. Let π be any geodesic path connecting x to z′ and oriented thus. Appealing to Proposition 2.1, we can project π to
a path in Fα connecting z to z′ and of length no greater than d(x, z′). Thus, d(z, z′) d(x, z′). 
Corollary 2.3. Let x be any pants decomposition and α any curve on the 5-holed sphere. For any pants decomposition z ∈ πα(x), we
have d(x, z) 2d(x,Fα).
Proof. According to Lemma 2.2, if z′ ∈ Fα is any vertex nearest to x then for any z ∈ πα(x) we have d(z, z′)  d(x, z′).
The d-metric triangle equality now yields d(x, z)  d(x, z′) + d(z′, z) = d(x,Fα) + d(z, z′)  d(x,Fα) + d(x, z′) = d(x,Fα) +
d(x,Fα) = 2d(x,Fα), as required. 
Remark. The statements of both Lemma 2.2 and Corollary 2.3 are true for all subsurface projections to Farey graphs as
deﬁned in [3], regardless of the surface type. A proof parallels the above.
We also record the potentially useful observation that no pants decomposition can project to the pants decomposition
{α,β} in both of the subsurface projections πα and πβ other than {α,β} itself. That is:
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Proof. Let x ∈ π−1α ({α,β}) ∩π−1β ({α,β}). Then, there exists an α-footprint b of x disjoint from β and there exists a β-foot-
print a of x disjoint from α. If x is distinct from {α,β} then neither a nor b can be a curve, and as such both are arcs
supported on the 3-holed sphere Y bordered by α and β . As a and b are not incident on a common boundary component
of Y , they intersect essentially. Thus, x self-intersects and this is absurd. It follows x is equal to {α,β}. 
2.8. Characterising subsurface projections
The deﬁnition of a subsurface projection given here is the restriction of a general deﬁnition to our setting. For the
5-holed sphere we note that subsurface projections can be characterised as follows. Given two curves α and β on the
5-holed sphere and of positive intersection number we deﬁne a set π∗α(β) = {{α,β ′} ∈ X(Σ): ι(β ′, β) < ι(α,β)}. We also
deﬁne π∗α(β) = {{α,β}} if α and β are distinct and disjoint, and we deﬁne π∗α(α) = ∅.
Lemma 2.5. Let Σ be the 5-holed sphere. If α and β are two curves on Σ then πα(β) = π∗α(β).
Proof. We need only verify the case ι(α,β) > 0 since all other cases hold by deﬁnition. For {α,β ′} ∈ πα(β) there then
exists an α-footprint of β disjoint from β ′ , and β ′ is represented by a component of the boundary of an open regular
neighbourhood of the union of α and this footprint. Since α and β ′ are both separating curves it follows ι(β ′, β) < ι(α,β)
and thus πα(β) ⊆ π∗α(β). Conversely, suppose β ′ is a curve disjoint from α and such that ι(β ′, β) < ι(α,β). If β ′ intersects
every α-footprint of β then since β ′ is a separating curve we have ι(β ′, β)  ι(α,β) and this is absurd. It follows that
there exists an α-footprint of β disjoint from β ′ and as such {α,β ′} ∈ πα(β). We conclude that πα(β) ⊇ π∗α(β), and so
πα(β) = π∗α(β) as claimed. 
2.9. Extrinsic geometry of Farey graphs
In any pants graph every Farey graph is totally geodesic in the following sense, a version of Theorem 1 from [3] restricted
to consider the 5-holed sphere and implied by Proposition 2.1.
Proposition 2.6. ([3]) LetΣ be the 5-holed sphere. Then, every Farey graph in P(Σ) is totally geodesic: Every ﬁnite geodesic beginning
and ending in any given Farey graph is entirely contained in this Farey graph.
2.10. Hierarchies
The link of any vertex in the curve graph of the 5-holed sphere contains no edges. However, we can naturally identify
any link as the vertex set of the pants graph of the 4-holed sphere and thus the vertex set of a Farey graph. We pullback the
canonical path-metric of the Farey graph to the link. A hierarchy in the curve graph of the 5-holed sphere we then regard
as obtained from an underlying geodesic path by connecting each pair of vertices of distance 2 by a geodesic in the link of
the intermediary vertex. In other words, we consider hierarchies as deﬁned in [26] modulo their markings. The underlying
length of a hierarchy in the curve graph of the 5-holed sphere is the length of its underlying geodesic.
3. Proof of Theorem 1.1
We begin by proving that geodesic paths contract under projections to Farey graphs.
Lemma 3.1. Let x0 , x1 , x2 , x3 be a path in the pants graph of the 5-holed sphere such that no xi contains the curve α. Then, for any
z0 ∈ πα(x0) there exists j ∈ {1,2,3} and z j ∈ πα(x j) such that d(z0, z j) j − 1.
Proof. The proof splits into two mutually exclusive cases.
Alternating path. We ﬁrst suppose our path is alternating, so that xi ∩ xi+1 ∩ xi+2 is empty for both i ∈ {0,1}. Let β0 denote
a curve from x0 such that z0 ∈ πα(β0). If β0 ∈ x1 then we immediately take j = 1 and equate z1 with z0, so let us suppose
β0 /∈ x1. We denote by βi the curve from xi−1 ∩ xi for i ∈ {1,2,3}, each being distinct from α and thus having non-empty
projection set πα(βi). Let zi ∈ πα(βi) for each index i. As our path is alternating the four curves βi in fact form four sides
of a “pentagonal conﬁguration” on the surface:
• ι(βi, βi+1) = 0 for i ∈ {0,1,2},
• ι(βi, βi+2) = 2 for i ∈ {0,1}, and
• ι(β0, β3) = 2.
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There exists a unique curve δ extending this to a full pentagonal conﬁguration:
• ι(δ, βi) = 0 for i ∈ {0,3}, and
• ι(δ, βi) = 2 for i ∈ {1,2}.
(See Fig. 4.) If the curve δ is equal to α then β0 is distinct and disjoint from both α and β1. In which case πα(β1) =
πα(β0) = {z0} and so z0 = z1. We may thus assume δ is distinct from α, denoting by w any element of the now non-empty
set πα(δ). Consecutive curves in the cyclic sequence β0, β1, β2, β3, δ are disjoint so the projections z0, z1, z2, z3, w form a
5-circuit in Fα . However 5-circuits have diameter at most 2 and it follows d(z0, z3) 2, as required.
Non-alternating path. If our path is not alternating, there exists i ∈ {0,1} such that xi ∩ xi+1 ∩ xi+2 is not empty. Let
β0 ∈ x0 be such that z0 ∈ πα(β0). There exists δ ∈ xi ∩ xi+1 ∩ xi+2 and β3 ∈ πα(x3) such that ι(β0, δ) = 0 and ι(δ, β3) = 0.
For all z ∈ πα(δ) and for all z3 ∈ πα(β3), we have d(z0, z)  1 and d(z, z3)  1. The triangle inequality yields d(z0, z3) 
d(z0, z) + d(z, z3) 1+ 1 = 2. 
Applying Lemma 3.1 piecewise, we deduce the following.
Corollary 3.2. Let x and y be any two pants decompositions of the 5-holed sphere connected by a geodesic path disjoint from a Farey
graph Fα . Then, for any z ∈ πα(x) there exists w ∈ πα(y) such that 3d(z,w) 2d(x, y) + 2.
Proof. Let π be any geodesic path connecting x to y. According to Lemma 3.1, there exists a maximal sequence of pairwise
distinct vertices x0, . . . , xk of π , indexed so that x0 = x, x j separates x j−1 and x j+1 along π , d(x j−1, x j) 3 and d(xk, y) 2,
for which there exist projections z j ∈ πα(x j) with z0 = z such that d(z j−1, z j)  d(x j−1, x j) − 1 for each index j. Thus,
3d(z j−1, z j)  2d(x j−1, x j) for each index j. In the event xk = y, there exists w ∈ πα(y) such that d(zk,w)  2, and the








d(x j−1, x j) + 3d(zk,w)
= 2d(x, xk) + 3d(zk,w)
= 2(d(x, y) − d(xk, y))+ 3d(zk,w)
= 2d(x, y) + (3d(zk,w) − 2d(xk, y))
 2d(x, y) + 2.
To be more succinct, 3d(z,w) 2d(x, y) + 2 as claimed. 
Proof of Theorem 1.1. Suppose otherwise. Then, there exists a geodesic ray π remaining within a ﬁnite distance D of some
Farey graph Fα but not eventually contained in Fα . We note that π does not intersect Fα inﬁnitely many times, for by
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in Fα . By passing to a subpath of π if need be, we may assume that π is disjoint from Fα .
For any two vertices x and y of π , the segment connecting x to y is disjoint from Fα and so, by Corollary 3.2, for
any z ∈ πα(x) there exists w ∈ πα(y) such that 3d(z,w) 2d(x, y) + 2. Combining this with Corollary 2.3 and the triangle
inequality for d we have
3d(x, y) 3d(x, z) + 3d(z,w) + 3d(w, y)
 6d(x,Fα) + 3d(z,w) + 6d(Fα, y)
 6D + 3d(z,w) + 6D
= 3d(z,w) + 12D

(
2d(x, y) + 2)+ 12D
= 2d(x, y) + 12D + 2.
To be more succinct, d(x, y) 12D + 2 for all vertices x and y of π . In particular, π is therefore a subset of ﬁnite diameter
and this is a contradiction. It follows that π is eventually contained in Fα as claimed. 
The full implication of the above argument is the following statement.
Theorem 3.3. Let Σ be the 5-holed sphere. Then, for D ∈ N, any geodesic path in P(Σ) of length at least 12D + 3 remaining distance
at most D from a Farey graph intersects this Farey graph.
A similar argument treats a spectrum of quasi-geodesic rays.
Theorem 3.4. Let Σ be the 5-holed sphere and K ∈ [1, 32 ). Then, any K -quasi-geodesic ray in P(Σ) remaining a bounded distance
from a Farey graph intersects this Farey graph at least once, and therefore inﬁnitely many times.
4. Proof of Theorem 1.2
We begin with the following statements regarding convergence to laminations in the Hausdorff topology, the proofs of
which are inspired by an argument of Luo’s presented in [25] itself inspired by an argument of Kobayashi’s [22]. In what
follows we refer to a leaf of a lamination as irrational if it is recurrent and not closed.
Lemma 4.1. If (xi)i is a bounded sequence of pants decompositions on any surface converging in the Hausdorff topology to a lamina-
tion λ, then λ does not contain an irrational leaf.
Proof. Let w be any vertex. Passing to a subsequence of (xi)i if need be, since (xi)i is bounded we may assume that
d(w, x0) = d(w, xi) for each i. Let πi be any geodesic path connecting w to xi , whose jth vertex we denote by π ji . We
regard each πi as an element of a ﬁnite product of lamination spaces, endowed with the product Hausdorff topology.
The latter is again compact so, passing to further subsequence if need be, the sequence (πi)i converges to a sequence of
laminations w = λ0, λ1, . . . , λk = λ.
We note that if λ is to contain an irrational leaf, then λk−1 must also contain this same leaf for otherwise ι(πk−1i ,π
k
i )
diverges with i and yet πk−1i and π
k
i have uniformly bounded intersection number, being adjacent vertices of the pants
graph. As λ0 is a pants decomposition, and as such does not contain an irrational leaf, so there exists an index j such that
λ j contains an irrational leaf but λ j−1 does not. In which case, ι(π j−1i ,π
j
i ) diverges with i and this again is absurd. Thus,
λ does not contain an irrational leaf as claimed. 
Lemma 4.2. Let Σ be the 5-holed sphere. If (xi)i is a sequence of pants decompositions contained in a ball B in P(Σ) and converging
in the Hausdorff topology to a lamination λ containing a closed leaf α, then B ∩ Fα is not empty.
Proof. We note if λ contains α as an isolated leaf then xi also contains α for all i suﬃciently large. It follows each such xi
is a vertex of Fα and we conclude B ∩ Fα is not empty. It suﬃces to assume λ contains α as a non-isolated leaf.
Let w denote a centre of B . Passing to a subsequence of (xi)i if need be, we may assume that d(w, x0) = d(w, xi) for
each i. Let πi be any geodesic path connecting w to xi . We regard each πi as an element of a ﬁnite product of lamination
spaces, endowed with the product Hausdorff topology. The latter is again compact so, passing to further subsequence if need
be, the sequence (πi)i converges to a sequence of laminations w = λ0, λ1, . . . , λk = λ. As adjacent pants decompositions have
bounded intersection number we observe λk−1 contains α, either as an isolated leaf or as a non-isolated leaf. However, λ0 is
a pants decomposition. Iterating this observation, there exists some index j such that λ j contains α as an isolated leaf. For
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by α. We conclude that B intersects Fα as claimed. 
Remark. If Pα denotes the subgraph of any pants graph P spanned by all pants decompositions containing a ﬁxed curve α,
and B is a ball in P , under the hypotheses of Lemma 4.2 a parallel argument yields B intersects Pα .
We use Theorem 1.1 to complete a proof of Theorem 1.2.
Proof of Theorem1.2. Suppose for contradiction the statement is false. Then, there exist two points x, y ∈ P(Σ) and a ball B
such that B∩G(x, y) is inﬁnite. Let (xi)i be any inﬁnite sequence of distinct vertices from B∩G(x, y). We regard each xi as a
geodesic lamination. Since the Hausdorff topology on the set of all geodesic laminations is compact, passing to subsequence
if need be we may assume (xi)i converges to a geodesic lamination λ. The structure of a surface geodesic lamination permits
only three mutually exclusive possibilities:
• λ is a pants decomposition,
• λ contains an irrational leaf, or
• λ contains a non-isolated closed leaf.
The ﬁrst possibility, that λ is a pants decomposition, is impossible since it implies the sequence (xi)i is eventually constant.
The second possibility, that λ contains an irrational leaf, is eliminated by Lemma 4.1. This leaves only the third possibility,
that λ contains a non-isolated closed leaf. We denote this leaf by α, also regarded as a curve. Appealing to Lemma 4.2, the
set B intersects the Farey graph Fα .
While not every vertex of B may be extended to a geodesic path connecting x to y, by the deﬁnition of G(x, y) each
vertex xi may be extended thus to a geodesic path πi indexed so that π0i = xi . We also regard each πi as an element of
a Cartesian product of lamination spaces, compact in the Tychonoff product topology. On passing to a further subsequence
if need be, (πi)i converges to a sequence of laminations (μ j) j indexed so that μ0 = λ. We note that for each index j the
lamination μ j is still the Hausdorff limit of the sequence of pants decompositions (π
j
i )i .
Adjacent pants decompositions have bounded intersection number, so we observe that μ−1 and μ1 must also contain α.
We iterate this observation to ﬁnd the minimal s− ∈ −N unionsq {−∞} and maximal s+ ∈ N unionsq {∞} such that μ j contains α as a
non-isolated leaf for each s− < j < s+ . If both s− and s+ are ﬁnite, then for suﬃciently large i the geodesic path πi contains
a segment beginning and ending in the Farey graph Fα , namely at π s−i and at π s+i respectively, but not entirely contained
in Fα and this violates Proposition 2.6. Thus at least one of s− and s+ is inﬁnite. We assume, reindexing if need be, that
s+ is inﬁnite and so y is an ideal point.
The hyperbolicity of P(Σ) implies the existence of a constant k depending only on the chosen hyperbolicity constant
and such that any two geodesic paths connecting two common points of P(Σ) remain within distance k of each other.
In particular, the geodesic paths πi all remain within distance k of each other. The ball B(π
j
0 ,10k) contains the sequence
of pants decompositions (π ji )i and so, by Lemma 4.2, has non-empty intersection with the Farey graph Fα for each s− <
j < s+ . Thus, the positive segment π+0 of π0, and each π
+
i therefore, is a geodesic ray remaining a distance uniformly
bounded, independent of i, from the Farey graph Fα . According to Theorem 1.1, each π+i is eventually contained in Fα
for all i. If π0 is bi-inﬁnite, so that s− is also not ﬁnite, a parallel argument proves π−i is eventually contained in Fα , for
all i.
In all cases we conclude that πi contains a ﬁnite geodesic segment through xi beginning and ending in Fα for all i.
However, for i suﬃciently large, xi intersects α and so no such geodesic segment can be entirely contained in Fα . This is
contrary to the statement of Proposition 2.6. 
Remark. In the third paragraph of the above proof, rather than the inﬁnite sequence (μ j) j by Theorem 3.3 we only really
need 12(diam(B) + k) + 3 consecutive Hausdorff limits with k the universal constant appearing in the statement of Theo-
rems 1.5 and 1.6. In particular we only need a ﬁnite number of consecutive Hausdorff limits and as such Theorem 1.2 is
proven without recourse to the axiom of choice.
We may deduce Theorem 1.4 as a corollary of Theorem 1.2.
Proof of Theorem 1.4. Suppose otherwise, for contradiction. Then, there exists a geodesic path π beginning and ending in F
but not entirely contained in F . Let B be any ball centred on a vertex of F such that B∩π is not entirely contained in F . If
τ is a non-trivial Dehn twist pointwise ﬁxing F , as such supported on the curve common to every vertex of F , then τ also
leaves invariant B and ﬁxes the ends of π . However, every vertex of B not contained in F has an inﬁnite τ -orbit. It follows
(τ iπ)i is an inﬁnite sequence of geodesic paths connecting the same two points as π yet together of inﬁnite intersection
with B . This is a contradiction, violating Theorem 1.2. 
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Proof of Theorem 1.5. Suppose for contradiction the statement is false. Then, there exist three such metric balls B0, B1
and B2 of radius at most some r  0 such that B0 ∩ G(B1, B2) is inﬁnite. An argument parallel to that of Section 4 produces
an inﬁnite sequence of geodesic paths (πi)i , all of the same ﬁnite length, such that the vertices π0i are all contained
in B0 and such that (πi)i converges in the product topology to a sequence of geodesic laminations (μ j) j where μ j is
the Hausdorff limit of (π ji )i and μ0 contains a curve α as a non-isolated leaf. We again conclude, by Lemma 4.2, that B0
intersects the Farey graph Fα .
If there exist s− < 0 < s+ such that μs− and μs+ contain α as an isolated leaf then for all suﬃciently large i the geodesic
path πi contains a ﬁnite segment beginning and ending in the Farey graph Fα but not entirely contained in Fα . This is
absurd, violating Proposition 2.6, and so again we see, reindexing if need be, that μ j contains α as a non-isolated leaf for
all j  0. Appealing to Lemma 4.2 once more, we conclude B2 also intersects the Farey graph Fα . (To this point a parallel
argument deduces Theorem 1.7.)
The hyperbolicity of P(Σ) implies the existence of a constant k, depending only on the chosen hyperbolicity constant,
such that any two geodesic paths connecting one ball of radius at most r to another ball of radius at most r remain within
distance 2r + k of each other. In particular, every geodesic path connecting B0 to B2 remains within distance 2r + k of any
geodesic path in Fα also connecting B0 to B2 and so, for all i, the geodesic path πi remains within distance 2r + k of the
Farey graph Fα . The paths π+i each have length at least 12(2r + k) + 3 and, when i is suﬃciently large, each vertex of π+i
has positive intersection number with α and so cannot belong to Fα . This is contrary to Theorem 3.3 which assures us
any geodesic path of length at least 12(2r + k) + 3 and remaining within distance 2r + k of Fα must intersect Fα . This
completes the proof of Theorem 1.5. 
Proof of Theorem 1.6. The proof of Theorem 1.6 is parallel to the above, where B(x, r) replaces B0, {x} replaces B1 and
B replaces B2. As x is a pants decomposition, we deduce the existence of s− such that μs− contains the curve α as
an isolated leaf and such that for all j > s− the lamination μ j contains α as a non-isolated leaf. In particular, B(x, r)
intersects Fα . Lemma 4.2 implies B also intersects the Farey graph Fα . We thus have a family of geodesic paths πi , for all
i suﬃciently large, of length at least 12(2r + k) + 3 remaining within distance 2r + k of Fα but disjoint from Fα . However,
this violates the statement of Theorem 3.3 and we have a contradiction. 
6. Proof of Theorem 1.8
We ﬁrst show how to connect two distinct ideal points x and y of P(Σ). Let (wi)i be any quasi-geodesic connecting x
to y. We denote by πi any geodesic path connecting w−i to wi for each i ∈ N. For each r  0, we deﬁne R(r) so that i  R
implies d(w0,w±i) 20(2r + k) + 3 say.
By Theorem 1.5, the intersection B(w0, r)∩ G(B(w−i, r), B(wi, r)) is ﬁnite for all i  R . It follows from hyperbolicity that
the intersection B(w0, r) ∩⋃{πi: i  R} is also ﬁnite for all r suﬃciently large. On passing to a subsequence of (πi)i if
need be, the intersection πi ∩ B(w0, r) is therefore equal to πi+1 ∩ B(w0, r) for all i  R and all r suﬃciently large. This is
the basis of a diagonal subsequence argument extracting a sequence of geodesic paths converging on arbitrarily large balls
centred on w0 to a geodesic path connecting x to y.
If instead only y is an ideal point of P , we consider a quasi-geodesic ray (wi)i connecting the pants decomposition x
to y and indexed with the non-negative integers so that w0 = x. We denote by πi any geodesic path connecting x to wi
for each i ∈ N. By Theorem 1.6, the intersection B(x, r) ∩ G({x}, B(wi, r)) is ﬁnite for all i  R and all r suﬃciently large. It
follows the intersection B(x, r) ∩⋃{πi: i  R} is also ﬁnite for all r suﬃciently large. On passing to a subsequence of (πi)i
if need be, the intersection πi ∩ B(w0, r) is therefore equal to πi+1 ∩ B(w0, r) for all i  R and all r suﬃciently large. This
again is the basis of a diagonal subsequence argument extracting a sequence of geodesic paths converging on arbitrarily
large concentric balls centred on x to a geodesic ray connecting x to y. 
7. Proof of Corollary 1.9
From the pants graph of the 2-holed torus to the pants graph of the 5-holed sphere there exist quasi-isometric embed-
dings mapping Farey subgraphs into Farey subgraphs. In particular there exist injections to the Gromov boundary of the
pants graph of the 5-holed sphere carrying the boundary of any Farey subgraph of the pants graph of the 2-holed torus into
the boundary of a Farey subgraph. It therefore suﬃces to prove Corollary 1.9 for the 5-holed sphere.
We suppose for contradiction that ∂F1 ∩ ∂F2 = ∅. Let z ∈ ∂F1 ∩ ∂F2 be any common ideal point and let x ∈ X(Σ) be
any vertex of F1. By Theorem 1.8 there exists a geodesic ray π connecting x to z. The ray π is entirely contained in F1 by
Theorem 1.4, and remains within a bounded distance of F2 and thus is eventually contained in F2 according to Theorem 1.1.
In particular, F1 ∩ F2 has cardinality at least 2 and it follows that in fact F1 = F2. However, this is a contradiction and we
complete the proof of Corollary 1.9. 
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We provide an alternative proof of the existence of geodesic paths connecting the two ideal points ﬁxed by a given
pseudo-Anosov mapping class, recovering Theorem 1.8 in this case but without the need to precisely control constants.
Thereafter we adapt an argument of Delzant’s [17], already adapted by Bowditch [7] to the setting of Harvey’s curve graph
to ﬁnd “tight” geodesic axes.
Lemma 8.1. Let Σ be the 5-holed sphere. For any pseudo-Anosov mapping class φ ∈ Map(Σ), there exists a bi-inﬁnite geodesic path
connecting the two ideal points ﬁxed by φ .
Proof. Let (wi)i be any quasi-geodesic path connecting the two ideal points ﬁxed by φ, and denote by πi any geodesic
path connecting w−i to wi for each i ∈ N. For all r  0 there exists R(r)  0 such that every Farey graph intersecting the
ball B(w0, r) is disjoint from both B(w−i, r) and B(wi, r) for all i  R . (In fact, R need only be such that the distance
between w0 and both w±i in Harvey’s curve graph is at least 2r + 2. As φ is pseudo-Anosov, such an R exists. See Propo-
sition 7.6 of [26].) By Theorem 1.7, the intersection B(w0, r) ∩ G(B(w−i, r), B(wi, r)) is ﬁnite. It follows the intersection
B(w0, r) ∩⋃{πi: i  R} is also ﬁnite for all r suﬃciently large. On passing to a subsequence of (πi)i if need be, the in-
tersection πi ∩ B(w0, r) is therefore equal to πi+1 ∩ B(w0, r) for all i  R and all r suﬃciently large. This is the basis of
a diagonal subsequence argument extracting a sequence of geodesic paths converging on arbitrarily large concentric balls
centred on w0 to a geodesic path connecting the ﬁxed points of φ. 
Let us denote by x and y the two ideal points of P(Σ) ﬁxed by a pseudo-Anosov mapping class φ. The set L(x, y) of
all directed geodesic paths connecting x to y is non-empty by Lemma 8.1. This set is invariant under the action of φ, and
by Theorem 1.2 the quotient of its edge set by 〈φ〉 is ﬁnite even if the quotient L(x, y)/〈φ〉 might not be. We distinguish
these edge orbits by labelling each with pairwise distinct integers and use the standard ordering on Z to lexicographically
order each set L(x, y;w, v) = {(w0, . . . ,wn): (∃π ∈ L(x, y) s.t. (wi)i ⊂ π), w = w0, v = wn} of ﬁnite geodesics for all
vertices w, v ∈ X(Σ). With this ordering each set L(x, y;w, v) is either empty or it has a unique minimal element and
the ordering is invariant under the action of 〈φ〉. In particular, the 〈φ〉-orbit of a minimal geodesic comprises only minimal
geodesics. By way of example, if π ∈ L(x, y) and i < j are integers then the set L(x, y;π i,π j) is not empty whereas the
set L(x, y;π j,π i) is empty.
A geodesic path π connecting x to y and directed thus is said to be lexicographically least if every ﬁnite length subpath
π0 ⊂ π is lexicographically least in L(x, y; ∂π0). To see that lexicographically least geodesics exist, consider any directed
geodesic (wi)i ∈ L(x, y). We denote by πi ∈ L(x, y;w−i,wi) a geodesic lexicographically least from w−i to wi for each
integer i ∈ N, noting that πi can be explicitly constructed from π by replacing the subpath (w−i, . . . ,wi) of π with a
directed minimal geodesic connecting w−i to wi if need be. The local ﬁniteness of G(x, y) offered by Theorem 1.2 is the
basis of a diagonal subsequence argument extracting a subsequence of (πi)i converging on arbitrarily large concentric balls
to a geodesic π ′ ∈ L(x, y). The limit π ′ is necessarily lexicographically least, for there otherwise exists an index i such
that the geodesic πi is not lexicographically least from w−i to wi and this is absurd. It follows that lexicographically least
geodesics connecting x to y exist.
The set of all lexicographically least geodesics connecting x to y is ﬁnite, for otherwise the local ﬁniteness of G(x, y)
given by Theorem 1.2 ensures there exist two lexicographically least geodesics π1,π2 ∈ L(x, y) connecting two common
vertices between which π1 and π2 are distinct. However, between any two vertices of G(x, y) there is only at most one
lexicographically least ﬁnite geodesic path.
The inﬁnite cyclic group generated by φ permutes the ﬁnitely many lexicographically least geodesics connecting x to y
among themselves. There thus exists a positive integer N such that φN stabilises some lexicographically least geodesic
connecting x to y, an axis for φN . 
9. Proof of Theorem 1.12
We suppose for contradiction there exists a pair of distinct such Farey subgraphs F and F ′ sharing a single common
vertex O and a ﬁnite geodesic path π beginning and ending in F ∪ F ′ but otherwise disjoint from the union. In view of
Proposition 2.6, and reversing π if need be, we see that π necessarily begins in F and ends in F ′ , is oriented thus, and
does not pass through O . We can readily verify that the length l(π) of π must be at least 3, as circuits in this pants graph
of length at most 4 are only contained in a single Farey subgraph. We denote by α and α′ the two curves constituting O ,
where α is common to every vertex of F making α′ common to every vertex of F ′ . As such, F = Fα and F ′ = Fα′ .
We note that πα(F ′) = {O } and so there exists a ﬁrst vertex x ∈ π such that O ∈ πα(x). As π−1α (O ) ∩ F = {O } and
x = O so x /∈ F and there exists a vertex x− ∈ π immediately preceding x, that is x− separates x from F along π or x− ∈ F .
The choice of x implies O /∈ πα(x−). In particular, every α-footprint of x− must intersect α′ essentially. It follows each
α′-footprint of x− is disjoint from a common arc on the complement of α′ disjoint from α. Thus, O is within distance 1 of
every vertex of πα′ (x−) and therefore at least one vertex of πα′ (x). (See Fig. 5.)
This provides the basis for a projection of π to the union F ∪ F ′ completed in two parts: First, we use πα to project x
to O and then Proposition 2.1 to proceed from there along π towards F . Second, we use πα′ to project x to a vertex within
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Fig. 6. A piecewise projection.
distance 1 of O before using Proposition 2.1 to project the remaining segment of π to F ′ . We depict this projection in
Fig. 6.
The concatenation of the two paths, with one ﬁrst inverted, is a path in F ∪F ′ connecting the two ends of π . While the
vertex x is projected to two vertices at most distance 1 apart, contributing at most an extra unit of length to the projection,
the two vertices of π adjacent to the ends of π project to the respective ends of π , recovering two units of length. That
is, any resulting projection is a path of length at most l(π) + 1 − 2, or l(π) − 1, connecting the ends of π . However, π is
a geodesic path and so we have a contradiction. It follows such a union of two Farey graphs is always totally geodesic.
Suppose π is instead a geodesic ray or a bi-inﬁnite geodesic beginning and ending in the bordiﬁcation of the union
F ∪ F ′ of two distinct but intersecting Farey graphs. The hyperbolicity of this pants graph implies π remains a uniformly
bounded distance from F ∪F ′ and, by Theorem 1.8 applied to either Farey graph, is eventually contained in F ∪F ′ in either
direction. It follows that π can be expressed as the concatenation of one or two geodesic rays contained in F ∪ F ′ and a
ﬁnite geodesic path π0. However, we already know that F ∪ F ′ is totally geodesic and so π0 must be entirely contained in
F ∪ F ′ . It follows π is also entirely contained in F ∪ F ′ . 
10. Proof of Theorem 1.13
The connected subgraph F= F1 ∪ · · · ∪ Fn is the union of n totally geodesic subgraphs of P(Σ). According to Lemma 4.1
of [9], for instance, there exists a constant h depending only on the choice of hyperbolicity constant such that F is hn-quasi-
convex. In particular, if π is any ﬁnite geodesic path beginning and ending in F then we may express π as a concatenation
of geodesic paths π j such that for each index j there exists an index i j with π j ⊂ Nhn(Fi j ). The assumption on the distances
d(xi, xi+1) and the hyperbolicity of the pants graph together imply i j+1 = i j +1 for each index j so that the Farey graphs Fi j
are consecutive.
If π j does not contain either end of π , then the assumption on the distance d(xi j , xi j+1) implies the length of π j is at
least 12hn + 3. As such, by Theorem 3.3 with D = hn we know that each π j intersects Fi in at least one vertex. We mayj
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thus also express π as a ﬁnite concatenation of geodesic paths π ′j such that π
′
j begins in Fi j and ends in Fi j+1 = Fi j+1.
Theorem 1.12 implies π ′j ⊂ Fi j ∪ Fi j+1 for each j, and so π ⊂ F as required.
That F is also of totally geodesic bordiﬁcation can now be argued in much the same manner as the closing paragraph of
Section 9. 
11. Proof of Corollary 1.14
All that remains is to emphasise that the statement of Corollary 1.14 does not hold vacuously, making use of an argument
due to Masur–Minsky [26] to inductively construct arbitrarily long hierarchies with arbitrarily large links. The constants M1
and M2 that appear here are recalled from their Lemma 6.2. The link of any vertex in C(Σ) is not connected but its
vertex set can be identiﬁed with the vertex set of the pants graph of the 4-holed sphere, whose metric we pullback to the
link.
The base case of the induction takes a geodesic path α0, α1, α2 in C(Σ) such that the distance between α0 and α2 in the
link of α1 is strictly greater than M2. Suppose inductively we have constructed a geodesic path α0, . . . ,αn−1 in the curve
graph such that the distance between the subsurface projections of α0 and αi to the link of αi−1 is strictly greater than M2
for each index i  2. Let αn be any curve disjoint from αn−1 such that the distance between the subsurface projection of α0
to the link of αn−1 and the curve αn in the link of αn−1 is strictly greater than M2. Lemma 6.2 of [26] implies that every
geodesic path connecting α0 to αn must pass through αn−1, and thus through each αi by induction. That is, α0, . . . ,αn is
the only geodesic path in the curve graph connecting α0 to αn .
We may extend each such geodesic to a hierarchy by taking a geodesic in each vertex link (see Fig. 7 for a depicted
example). The converse given in Lemma 6.2 of [26] implies the lengths of the geodesics in the vertex links are approximated
by distances between projections to links to uniform additive error M1 and are thus arbitrarily large. Moreover each is
respectively the distance between the pants decompositions {αi−1,αi} and {αi,αi+1} in the Farey subgraph indexed by αi ,
and thus equal to their distance in the whole pants graph by Proposition 2.6. If we take each to be at least 20hn + 15 say,
then Theorem 1.13 implies the path in the pants graph induced by such a hierarchy must be a geodesic. 
12. Addendum
In the pants graph of the 2-holed torus there exist inﬁnite paths whose every vertex comprises two curves distinct from
a non-separating curve α and intersecting α at most once. Such paths can be chosen to be invariant under the action
of a partial pseudo-Anosov mapping class leaving α invariant. These paths are at least quasi-geodesic and remain within
distance 2 of the Farey graph Fα but do not contract by 13 under πα , as deﬁned analogously in [3].
Lemma 3.1 is therefore false as stated for the 2-holed torus.
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Appendix A
We provide an elementary example, due to Brian Bowditch [10], of a connected metric graph G quasi-isometric to R that
admits a hyperbolic isometry but has no inﬁnite geodesics. There are variations that admit hyperbolic isometries of stable
length an arbitrary positive real number.
We ﬁrst regard the subset ([0,n] × {0}) ∪ ({0,1, . . . ,n} × [0,1]) of R2, for each positive integer n ∈ Z+ , as a graph with
vertices at (i,0) and (i,1) for each integer i ∈ {0,1, . . . ,n}. We refer to each of these graphs as a standard comb, the interval
[0,n] × {0} as the spine, and the vertices (i,1) as extremal. Any graph isomorphic to a standard comb we refer to as a comb.
The set Z we regard as a graph with no edges, and for each integer m ∈ Z and positive integer n ∈ Z+ we attach a comb
whose spine has length n by identifying its ith extremal vertex at (i,1) with the integer m+ i for each i ∈ {0,1, . . . ,n}. The
resulting graph is that denoted by G . We note that G is connected and may be endowed with the canonical path-metric
ascribing length 1 to each edge. A bounded piece of Bowditch’s graph is depicted in Fig. 8.
Any inﬁnite path in G that does not backtrack will intersect at least two combs along their spines and at two of their
extremal vertices. Such a path can be shortcut by considering a single comb containing all of these extremal vertices. In
particular, it follows G contains no inﬁnite geodesic paths.
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